A fully self-consistent method has been developed to obtain the wavefunctions of the positron and the electrons in molecules simultaneously in the present work. The room-temperature positron wavefunction with the characteristic energy about 0.04eV has been used to translate the latest experimental annihilation results in helium, neon, hydrogen and methane molecules as examples.
I. INTRODUCTION
The gamma-ray spectra for low-energy positron annihilation (room temperature usually) in many gas-phase molecules have been measured extensively in the past many decades [1, 2] .
Recent years, significant theoretical studies have also improved our understanding of the positron-electron annihilation process in atoms and small molecules [3] [4] [5] [6] [7] . However, the theoretical predicted total profiles of the gamma-ray for most of molecules are only within about 70% agreement with the experiments [2] . The annihilation spectra obtained in the recent low-energy plane-wave positron (LEPWP) approximation [4, 5] are always broader than those measured experimentally [1] .
The broaden of the gamma-ray spectra is related mostly with the momentum distribution of the positron-electron pairs in the small momentum region. That is, the electrons distributed in the lowest momentum region and the low-energy positron play an important role in the annihilation process. However, understanding of the low-energy positrons and their behaviour in molecules is still incomplete compared to more familiar electron problems.
One of the reason is that the accurate positron wavefunction in the annihilation process is still difficult to obtain in the molecular systems. In the present study, a fully self-consistent method has been developed to obtain the wavefunctions of the positron and the electrons in molecules simultaneously. This low-energy positron wavefunction can account for parts of positron-electron correlations. The corresponding gamma-ray spectra agree excellently with the recent experimental results.
II. THE WAVEFUNCTION AND ANNIHILATION OF POSITRON-ELECTRON PAIRS
Generally, there are four different orbitals: α − , β − electrons and α + , β + positrons in positron-molecule systems under unrestricted Hartree-Fock (UHF) self-consistent field approximation [8, 9] . The Fock operators F = H + J − K for electrons and positrons can all be defined by the single electron Hamiltonian
the Coulomb integrals
and the exchange integrals
between ith and jth molecular orbital. In most of actual implementations, the molecular orbitals are expanded of atomic orbital basis functions φ i = r χ r C ri , where χ r is a set of atomic orbitals and C ri are the weight coefficients calculated by self-consistent field procedure.
In this form, the Fock matrices for electrons α − and β − are
The elements between atomic orbital basis functions s and r for electrons are
for α − electrons, and
for β − electrons respectively. The Coulomb interaction between electrons and positrons can be considered in Eq. (5) .
The elements of the Fock matrices F α
for positron α + and β + can easily be found between positron basis functions as well
for α + positrons, and
for β + positrons respectively. Eq.(9) has taken the electron correlation with positrons into account.
The density matrices for electrons or positrons can be given by an iterative calculation of the weight coefficients respectively, i.e.,
Then, a set of molecular orbital for electrons and positrons can be obtained by the solution of Roothaan equations [8] . The total α − or β − -electron wavefunction Φ α − or Φ β − , satisfying the Pauli principle, can be built up as an antisymmetrized product of all the above molecular electronic orbital respectively [9] . As the same way, the total α + or β + -positron wavefunction Φ α + and Φ β + , obeying the Pauli principle, can also be expanded in terms of an antisymmetrized product of one-positron orbital respectively. As a result, the positron-electron pair orbital can be written simply as product in In annihilation process, the momentum p of the emitting photons equals to the momentum of the positron-electron pair, i.e., p = k − + k + . Then the momentum distribution of photons can be obtained by Fourier transform from the positron-electron pair wavefunction
According to the convolution theorem, alternatively, the momentum distribution of photons also can be written by
and
are the wavefunctions for electrons and positrons in momentum space respectively.
The momentum of the electron-positron pair is rotationally averaged in the gas or liquid experiments. Hence, in order to compare with these experimental measurements, the theoretical momentum distribution must be spherically averaged [1] . The radial distribution function in momentum space can be defined by
where P, θ, φ are spherical coordinates respectively [7] . Hence, the theoretical spherically averaged momentum distribution is
which means the averaged probability to encounter the electron-positron pair on the surface with the momentum |P |.
The gamma-ray spectra in the annihilation process is then Doppler shifted in energy due to the longitudinal momentum component of positron-electron pair [7] . Hence the integration over the plane perpendicular to the p must be performed in order to get the total probability density at the momentum p = 2ǫ/c. Then the gamma-ray spectra for positron-electron pair
are
The Doppler shift from the center (mc 2 = 511 keV) is given by ǫ. Fig.1 shows the comparison between the present theoretical gamma-ray spectra of helium in the positron-electron annihilation process with other calculated and measured values.
III. APPLICATION AND DISCUSSION
2.63 keV is obtained by the annihilation radiation measurement [10] , 2.50 keV and 2.31 keV are fitted by one Gaussian function and two Gaussian functions respectively for the same measurements [1] . In the recent studies, 2.31 keV is considered relatively accurate, which will be regarded as the reference value to be compared with our theoretical value in the following.
The LEPWP approximation gives the width 3.06 keV [4] in blue short dashed line. LEPWP only considers the electron wave function of atoms or molecules and regards the positron wave function as a plane wave with zero energy. When the energy of the incoming positron goes to zero, the plane wave is negligible. Therefore, Eq.(12) only uses the electron wave function when calculating the photon momentum [1] :
where ψ µ ( r) is the electron wave function and ψ ν ( r) is the positron wave function respectively. According to the previous studies, neglecting the positron wavefunction will give about 30 percent overestimation of the width.
Though in many cases it can be considered that the positron has already been thermalised before annihilation, and the momentum of positron-electron pair is approximately the momentum of the electron. However, when the positron is close to the atom, the attraction between positron and atom makes the speed of positron increase slightly, and the speed of electron is also modified slightly as it is attracted to positron. Hence the momentum distribution of the positron-electron pair is not exactly equivalent to the momentum distribution of the electron in the undisturbed atom. Many approximations, such as polarization orbit approximation (2.45 keV [11] ), S-wave phase shift (2.20 keV [12] ), and at an atmospheric pressure condition (2.01 keV [13] ) have been considered in the previous studies. Moreover, with the positron disturbing, the electrons are attracted and closer to the positrons, which will be farther from the nucleus, so the probability of positrons pairing with low momentum electrons increases. Hence such a large discrepancy between the LEPWP line and the reference value probably is due to the absence of positron wavefunctions in Eq. (19) .
The long red dashed line with the width 2.54 keV is the spectra obtained using the obtained positron wavefunction, i.e., obtained by considering the zero-order approximation. As As shown in Fig.2 , it is the schematic diagram of positron and electron density distribution near the helium atom. The positron density distribution around the helium atom in a large scale is almost a perfect spherical distribution as shown in Fig.2(a) . In a smaller scale of The black solid line in Fig.1 is the gamma-ray spectra obtained by considering the exci- tation processes of positron and electrons induced by the interaction between positron and helium. As mentioned in the refference [3] ,the first-order correction for the interaction with positrons and electrons are as follows [3] :
where
However, the correction of this first term is not obvious which is only about 4 percent. This is because that the low-energy positron have not enough energies to excite the electrons into high excited states, and most of the effects are the polarization not the excitation processes. For comparison, the present result is 2.44 keV. Both 2.50keV [16] and 2.53keV [1] are calculated by variational method which considers the polarization effect. 2.40keV [15] and 2.45keV [11] are calculated by polarization orbit approximation. 2.40keV also considered virtual positive ion (Ps) bubbles. That is, the present theoretical results agree excellently with these previous studies.
Helium only has two electrons and the electrons are pulled out easily by the positron, the positron wave function and the correlation effects are of great significance for the gamma-ray spectra. Since the interaction between positron and electrons is considered in the calculation of the gamma-ray spectrum, the accuracy of theoretical calculation is greatly improved.
The many-body theory of zero-order approximation and first-order approximation obtain 2.54 keV and 2.44 keV respectively for helium. The self-consistent electron wave function and positron wave function are considered by the zero-order approximation, which gives a 17% correction on the plane wave approximation. The first-order approximation considers the excitation processes of the electrons and positrons, which gives 2.44 keV with a 20% correction on the plane wave approximation. However, the first-order term only has a 4% correction on the zero-order terms. Fig.3 shows the theoretical and measured gamma-ray spectra in neon atom. The width of the experimental gamma-ray spectra fitted by two Gaussian functions and used as reference is 3.28 keV [3] . It can be seen that the width of the gamma-spectra produced by the annihilation of electrons and positrons in neon atom are generally larger than that of helium atom. The value measured by the annihilation radiation is 3.19 keV [9] , and the data fitted by one Gaussian function is 3.36 keV [1] . The theoretical value of 2.04 keV was calculated by Doppler widening at an atmosphere [9] , the positron wave function might be dominant in this annihilation process. 3.28 keV was calculated by the variational method [1] . Although 3.32 keV [14] and 3.73 keV [15] were both calculated in the polarized orbit approximation, 3.32 keV was calculated in the solid neon atom. This strange phenomenon may be due to the larger distribution range of relative momentum of electrons and positrons in neon atom than that in helium atom.
As shown in Fig.4 , the wave function is no longer spherical wave for positron. This are reduced by about dozens of percent, which is close to the reference value. Therefore, it is very important to consider the interaction between positron and electron in the calculation of gamma-ray spectra. However, the first-order correction is less obvious than MBT-0th, so the excitation process of positron and electron may not play an important role in the above annihilation process. error of 11%. Compared with the former two kinds of atoms, the correction effect of the zeroth order approximation of positron-electron interaction for hydrogen molecules is not particularly obvious. And the spectral line calculated by MBT-1st method is the solid line in the graph, with a width of 1.80keV, which is basically the same as the zero order approximate spectral line, and the error is only reduced by 1%. Therefore, the excitation process of positron-electron annihilation is negligible. As a comparison, the data measured by a twodimensional angular association (2D-ARCR) of annihilation radiation is 1.56 keV [17] . 1.66 keV was measured by the annihilation radiation (ARCR) for liquid H2 [18] . 1.71 keV was by one Gaussian function fitting [1] . The theoretical value 1.93 keV was calculated by the static HF method and did not contain positron correlation [19] . 1.70keV was obtained by the polarization orbit approximation for the liquid H2 [20] . Hence, the coupling of the positronelectron pair and vibration should be considered in the future studies. of hydrogen-hydrogen bond is higher than that on other parts. The positron density near hydrogen atom is the lowest, and the positron density between two hydrogen atoms is slightly higher.
For methane as shown in Fig.7 have not enough energy to excite electrons in methane molecules, compared with MBT-0th method, MBT-1st method has no obvious improvement in the calculation. Fig.8 shows the positron and electron density distribution in methane. On a larger scale, the positron den- 
IV. CONCLUSION
The present work is the first step to obtain the accurate positron wavefunction in annihilation process of many-atomic molecules. The fully self-consistent method has been developed to study the positron annihilation process in molecules. The results show that the present method incorporates the electrons and positron wavefunctions exactly. The interactions and polarizations between the incoming positron and electrons are considered in this method accurately. In the present scheme, the one-body term has already included the correlation potential which accounts for the polarization and orientation effects in positron-electron annihilation process. The positron-wavefunction produced by the present scheme gives a remarkable correction on gamma-ray spectra (about 30 percent). The present theoretical method shows that the accurate positron wavefunction is very important to explain the gamma-ray spectra in molecules. Because the positron in the experiments has been cooled
